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Vocational Math II 
Elementary Algebra


Al Lehnen, Madison Area Technical College

Elementary Algebra

Preliminaries

Algebra, despite its fearsome reputation, is really just "generalized" arithmetic. The name itself comes from the title of an ninth century Arabic mathematics text Ilm al-jabr wa'l mugabalah written by Al-Khowarozmi in the court of Al-Maman, the Caliph of Bagdad. Algebra concerns itself with the basic operations of arithmetic:

1. Adding/Subtracting

2. Multiplying/Dividing

3. Raising to powers/Taking roots

Notice that in each pair above, the second operation is the inverse (does the opposite) of the first. The use of letters or variables to represent numbers enables us to summarize infinitely many arithmetic facts with just a few algebraic formulas. For example, the different addition results that
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, can all be summarized by the one algebraic statement 
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for any numbers a and b. This property of numbers is called the commutative law of addition, but the essential fact that it clarifies is that the answer of an addition problem does not depend on the order in which the numbers are added.

In Chapter 3 on pages 24 to 25 of the Vocational Math I text the properties of "signed" numbers are discussed. The use of exponents is very important in algebraic expressions. Positive integer exponents are introduced in Chapter 1 on page 2 of the Vocational Math I text. On this same page the order of operations rules required to evaluate formulas involving different operations are presented. For any number a the opposite or negative of a is given by 
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. Combining this fact with the order of operation rule that raising a number to a power is done before any multiplications or divisions enables us to properly evaluate the following expressions.
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In the first calculation, since squaring is done before multiplication, the result is a negative 36. In the second calculation the use of parenthesizes means that it is a negative 6 times a negative 6 which equals a positive 36.

Rules of Exponents

Recall that for a base x and a positive whole number n, the expression x raised to a an exponent or power of n means repeated multiplication of n factors of x. In symbols, 
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Rule 1: When multiplying expressions containing the same base, add the exponents.
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Rule 2: When dividing expressions containing the same base, subtract the exponent of the denominator from the exponent of the numerator.
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Rule 3: When raising a product to a power, each factor in the product is raised to that same power.
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Rule 4: When raising a quotient to a power, each factor in the quotient is raised to that same power.
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Rule 5: When raising a base to power to a second power, the base is raised to the product of the powers. 
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The rules of exponents are used to simplify the following expressions.
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Monomials

Monomials or "terms" are algebraic expressions consisting of a product of a number with variables raised to whole number exponents. The number part of the monomial is called the coefficient and is understood to be 1 if not stated. For example, 
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 are all monomials. Two monomials are said to be "like terms" if they have the same variables raised to exactly the same exponents. For example, 
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The importance of like terms is that under the operations of addition or subtraction they can be combined into a single term. The distributive property of multiplication over addition says that for any numbers a, b, and c, 
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Using the distributive property "backwards" (called "factoring"), allows us to reduce the total number of operations in an expression. For example ,
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, there are three operations on the left side (two multiplications and one addition), but only two operations on the right side (one addition and one multiplication).Thus, factoring usually results in a more efficient yet equivalent algebraic formula. The following examples show how to combine like terms using the distributive property. 
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Note: "Unlike" terms can not be combined into a single monomial. The best one can do is factor out the largest common monomial.
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The definition of subtraction is the addition of the opposite and the definition of division is multiplication by the reciprocal. 
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. The use of common denominators in adding fractions is really just an application of the distributive property. Foe example, 
[image: image30.wmf](

)

12

7

7

12

1

3

4

12

1

3

12

1

4

12

1

12

3

12

4

3

1

4

1

=

×

=

+

×

=

×

+

×

=

+

=

+

 .
If we have a single term denominator we can proceed in the opposite direction.
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That is, the d divides both the a and the c when they are separated by an addition or subtraction. In contrast, if the operation between a and c is multiplication, we can use d to divide just the a, or d to divide just the c, or d to divide the product of a and c, but we can not divide both the a and the c. 
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Consider the following examples.
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As was stated earlier the opposite of any quantity 
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In particular, 
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For example, 
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More complicated examples can be simplified by repeated use of the distributive property.
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This result can be checked by plugging in numbers for x into both the starting expression and the final simplified form. If no algebra mistakes were made, the two answers must agree. Substitute 
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 (when checking avoid using 0 or 1, these values will often cause non-equivalent expressions to give the same answer)  into 
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. While this does not guarantee that the algebra is correct, it does show that an algebra mistake was unlikely.

Zero, Negative and Fractional Exponents

Recall that the second rule of exponents states that 
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. But clearly anything divided by itself is 1. So we have the "reasonable" definition that for any number x different from zero (Division by zero is never meaningful. See the discussion on page 10 in Chapter 2 of the Vocational Math I text.), 
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By a similar argument we conclude that for any p. 

That is, a negative exponent means to take a reciprocal! For example,
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.  As is shown in Chapter 1 of the Vocational Math I text, all of these results can be verified using a scientific calculator. The values of 10 raised to negative exponents to are shown below. The use of positive and negative exponents on a base of 10 allows us to express numbers and measurements in scientific notation. This is discussed in detail on pages 21 to 22 of Chapter 3 of the Vocational Math I text.
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The five rules of exponents apply to negative exponents as well as to positive exponents. This is illustrated in the following example.
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Fractions can also be used as exponents. For example, 
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. These equations are useful in simplifying expressions involving roots as the following example illustrates.
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This result is easily verified since 

Solving Equations and Rearranging Formulas

An equation that contains a variable is an "open" sentence. This means that the truth or falsehood of the equation depends on the value substituted into the equation. For example, 
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In order to solve an equation like 
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, we need a set of rules that allow us to transform equations yet still guarantees that the set of solutions remains unchanged. There are two such rules.

1. Addition Rule: Given expressions A, B, and C , if 
[image: image72.wmf]B

A

=

, then 
[image: image73.wmf]C

B

C

A

+

=

+

is an equivalent equation, i.e., an equation with exactly the same solutions. In summary, equals added to equals are equal.

2. Multiplication Rule: Given expressions A, B, and a number c, with 
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is an equivalent equation. In summary, equals times equals are equal.

Note: The addition rule includes subtraction, since subtraction is just adding the opposite. Similarly, the multiplication rule includes division, since division is multiplying by the reciprocal. In the multiplication rule it is important that 
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. For example, if 
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is true for any number. Thus, multiplying through an equation by zero changes the set of solutions.

Just knowing these rules does not enable us to solve equations anymore than just knowing the rules of chess wins chess matches. What is needed is a strategy. The goal is to get an equation of the form 
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. We use the rules in such a way as "to isolate" the variable all alone on one side of the equal sign with a coefficient of 1.  For example to solve 
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then, divide both sides by 8.
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To solve 
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, first use the distributive property to combine like terms on both sides of the equation. 
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Then add x to both sides.

Next subtract 9 from both sides to get the x term by itself.
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Finally, divide both sides by 4.

So the solution is 
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, which can be verified by substitution into the original equation.
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The same techniques used to isolate a variable in solving an equation can be used in rearranging a formula. For example, the area A of a triangle is given by the formula 
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, where b is base and h is the height of the triangle. This formula is fine if we know b and h and want to calculate A. Suppose, on the other hand, that we want to know the height required for a given base to achieve a desired area. What we need now is a formula for h in terms of b and A. Starting with 
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So we obtain the rearranged formula, 
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As a more complicated example, consider the formula 
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Next subtract b from both sides. 
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As an example involving roots, consider the equation for the area of a circle, 
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. To solve for r in terms of A, first divide both sides by 
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To solve for r, raise both sides of this equation to the power of 
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Exercises :

Evaluate the following expressions:

1.  
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Simplify the following algebraic expressions.

10.   
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Perform the following operations and simplify the result.

15.   
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18.  
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19.  
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Evaluate the following expressions at the values indicated.

21. At x = 3 and y = –2,   
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22. At d = 2 and z = –1,   
[image: image122.wmf](

)

5

2

2

2

-

-

+

-

d

d

z

d

z


23. At t = 3 and v =12 and g = –32,   
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24.   At x = –2 and y = –5, 
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25.   At a = 5.5 cm , b = 2.5 cm , and h = 6.5 cm , calculate A , if A =
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Express the following numbers in scientific notation as numbers between 1 and 10 times the appropriate power of 10.

26. 928,631

27. 0.0000000103
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Perform the following operations.

30.  
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39. Simplify 
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Solve the following equations.

40.  
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43. Given that 
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 solve for I in terms of P and V  .

44. Given that 
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 solve for b in terms of A , a , and h .
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