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Vocational Math II 
Elementary Trigonometry


Al Lehnen, Madison Area Technical College

Elementary Trigonometry

Sine, Cosine and Tangent

In this section we will restrict our attention to right triangles. With respect to the acute angles (the two angles less than 90 degrees) in a right triangle, we can classify the two legs (the sides which are not the largest side, the hypotenuse) as being either opposite to or adjacent to the given angle. This is shown below in the following two diagrams.
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Since angles 1 and 2 are complementary, the value of one angle determines the second. Two triangles with the same set of angles are similar. They must have exactly the same shape. This shape then depends entirely on the value of one of the two acute angles. We say the shape is a “function” of the acute angle. The angle determines the shape and hence the various proportions between the triangle’s three sides. These proportions are thus functions of the acute angle. We call these functions trigonometric functions (trig functions for short) and for a given acute angle there are three of special importance. These are the “sine”, “cosine” and “tangent” functions.
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The common abbreviation for sine is “sin” (still pronounced sine). The cosine means the sine of the complement (see the picture below) and is abbreviated “cos”, while tangent is written as “tan”. Standard notation is to separate the name of the trig function from the name of the acute angle (called the “argument” of the function) with parenthesis. The idea is that, if you “input” the value of the acute angle to the trig function, it “outputs” the requested ratio of sides.
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Consider the “famous” 3, 4, 5 right triangle. The values of the three trig functions are computed below for both of the acute angles A and B.
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To determine the values of these acute angles we need the “inverse” trig functions. Since a given acute angle uniquely determines the shape (and thus the values of the ratios of the sides), one can reverse this process to determine the acute angle from a given ratio of the sides. The angle is therefore a function of the ratio. These functions are most commonly designated as 
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. They can be accessed by using the 2nd, SHIFT, or INV key in combination with the primary trig function key. Using the inverse trig functions angle A in the 3, 4, 5 triangle can be calculated by the various methods illustrated below. The results are shown to the nearest ten thousandth decimal degree and to the nearest second.
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The following two examples using “special” triangles confirm that the inverse trig functions give the correct answer for the appropriate angle. 

Consider an equilateral triangle of side 1. Dropping a perpendicular from the top vertex to the [image: image66.wmf](
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, and a hypotenuse of 1.
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Now consider an isosceles right triangle with legs of length 1 and a hypotenuse of 

Solving Right Triangles
With the three trig functions and their inverses we can solve for the missing information (lengths of sides and measure of angles) in any right triangle provided that we know either two sides or one side and one of the acute angles. To facilitate such problems the following notation will be used to describe any triangle. The CAPITAL letters A, B, and C will designate the three angles. The corresponding lower case letter will represent the side opposite to each angle. This is illustrated in the figure below. For a right triangle 
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and c is the hypotenuse. In any triangle the largest side is opposite the largest angle and the smallest side is opposite the smallest angle.
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The following three examples demonstrate the solution of right triangle problems.

a
= ___________

b
= ___________

c
= 7.56 m 


A
= 
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B
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C
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Solution: Since angles A and B are complementary, 
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From the definition of the sine, 
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The length of side b can now be determined by any of the ways shown below.

Using the Pythagorean Theorem,  
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Using the cosine function, 
[image: image15.wmf](

)

m.

 

077

.

6

)

5

.

36

cos(

m

 

56

.

7

m

 

56

.

7

m

 

56

.

7

   

,

for 

 

solving

m

 

56

.

7

hyp

adj

5

.

36

cos

=

°

×

=

×

Þ

=

=

°

b

b

b


Using the tangent function, 
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= 12.0 ft

b
= ___________

c
 = ___________


A
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B
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C
= 
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Solution: Angle A is the complement of angle B, so 
[image: image18.wmf].
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There are now two different approaches we can take. The first uses the tangent function to calculate the length of side b, the second uses the sine or cosine to calculate the hypotenuse, c. Most calculators require that the input angles to trig functions be in decimal degrees (make sure your calculator is in degree and not radian mode), so this requires a DMS to DD conversion. First Approach: 
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Second Approach: 
[image: image20.wmf](

)

(

)

(

)

ft.

 

4.224

ft

0

.

12

722

.

12

ft.

 

722

.

12

39417

.

19

cos

ft

 

0

.

12

ft

 

0

.

12

39417

.

19

cos

 

ft

 

0

.

12

39417

.

19

cos

2

2

2

2

=

-

=

-

=

=

°

=

Þ

/

/

×

=

°

×

Þ

=

=

°

a

c

b

c

c

c

c

c

c

a


a
= 23.3 cm

b
= ___________

c
= 37.8 cm 


A
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B
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C
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Solution: There are again two different approaches we can take. The first uses the Pythagorean Theorem to calculate the length of side b, the second uses the inverse sine or inverse cosine to calculate one of the missing acute angles.
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First Approach: 
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Second Approach: 

In the above examples more digits were reported in the computed answers than the precision of the given data warranted. This was done to illustrate the use of the calculator in solving these problems and to avoid round off discrepancies when comparing different approaches. In practice, the computed answers would be reported to a fewer number of digits.

The Law of Sines and the Law of Cosines

In order to apply the trigonometric functions to a wider variety of problems we need ways of solving oblique (i.e., non-right) triangles. The two tools that allow us to proceed are the Law of Sines and the Law of Cosines. However, we first need to extend the definition of the trig functions from acute angles to any angle. To do this we construct a circle of radius 1 centered at the origin of an x – y set of coordinates. As shown below this circle crosses the axes at the points 
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From the origin construct a line segment that intersects the circle at a point with coordinates 
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(x, y) . The angle theta is measured from the positive x axis to this segment. The trig functions are then defined as follows: 
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If both x and y are positive theta is an acute angle and the definitions given above are just the results for a right triangle with adjacent leg x, opposite leg y, and a hypotenuse of 1. If either x or y is negative or zero, then theta is not an acute angle and we obtain an extension of our earlier definitions. For example, we now have the following results.

If the input of the angle is negative, the angle is measured “down” from the x axis, i.e., the angle moves “clockwise” around the circle. The inverse sine and inverse tangent functions will return a negative angle between negative ninety and zero degrees (meaning that the angle is in that part of the coordinate system where both x and y are negative) for negative inputs. The inverse cosine function will return an angle between ninety and one hundred eighty degrees for a negative input. Note:  Inverse sine cannot give an obtuse angle, but inverse cosine can. Thus, we get the following results.
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As the diagram below illustrates if 
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Finally, by the Pythagorean Theorem, for any point with coordinates (x, y) on this circle, we have the equation.
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The use of trig functions defined for all angles is useful in navigation. The standard notation is to take North as the direction of the positive y axis and East as the direction of the positive x axis. If  the angle theta is measured from East, then the positions east and north of the origin (the starting position) are given respectively by 
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Where r is the distance from the origin. If x is negative, the position is to the west and if y is negative the position is to the south. A special notation is also used to specify angles. For example, in the diagram below the orientation could be specified as a direction-angle-direction such as 
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In the following diagram the orientation could be specified in any of the following equivalent ways. 
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For example, consider the following problem. If a plane flies
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at a speed of 347 mph for 33 minutes, how far west and north has the plane traveled? 
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Solution: 

So the plane has traveled a total distance of 191 miles. It is 181 miles west and 60.9 miles north of its original position.
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To justify the Law of Sines consider the following acute (largest angle less than a right angle) triangle. Drop a perpendicular of length h from the top vertex to the bottom base.
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Since the labeling of the sides and opposite angles is completely arbitrary this last ratio must also equal the ratio of the sine of angle B to the length of side b. If the triangle were obtuse (largest angle larger than a right angle) the same result is obtained as shown below. 
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Thus, for any triangle we have that the ratio of the sine of any internal angle to the length of the opposite side is a constant for that specific triangle. This Law of Sines is expressed in the following equivalent sets of ratios.

To justify the Law of Cosines consider again the acute triangle shown. Drop a perpendicular of length h to the bottom base. Using the Pythagorean Theorem on both of the right triangles formed [image: image94.wmf](
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yields the following equations. 
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Again since the labeling of sides and angles was arbitrary, similar results for the square of sides a and b must also be true. If the triangle is obtuse, we still obtain the same results as shown below.
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In summary, the Law of Cosines states that for any triangle the length of any side squared equals the sum of the squares of the other two sides minus twice the product of the other two sides with the cosine of the opposite angle. This is stated in formula form below. The Law of Cosines is really a generalization of the Pythagorean Theorem that is valid for any kind of triangle, not just [image: image98.wmf](
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those with a right angle. 
Rearranging these formulas to solve for the relevant angles gives the following results.
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The unneeded parentheses were added to the formulas for the angles A, B and C to emphasize the use of the fraction bar as an implied grouping symbol. Failure to provide these parentheses when computing the angles on a scientific calculator will result in a wrong answer.

Since the inverse cosine function returns angles in the range 
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  to

0

, the Law of Cosines can be used to find any angle of a triangle when the lengths of all three sides are known. In contrast, since the inverse sine function can’t return angles between 
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, the Law

of Sines will be unable to directly compute the measure of an obtuse angle in a triangle.

Solving Oblique Triangles

With the sine and cosine functions and their inverses we can solve for the three missing items of information (lengths of sides or measure of angles) in any triangle provided that we have the three relevant inputs. The three relevant inputs are based on the congruency criteria discussed on pages 61 to 62 of the Vocational Math I text. Specifically, these are SAS, SAS, and SSS. The procedure for solving a triangle in each case is presented below.

[image: image28.png]1. SAS

Given two sides » and ¢ and the angle 4 between these sides:




A. Use the Law of Cosines to calculate the length of the side opposite the given angle.
[image: image100.wmf]__

__________

 

          

4

1

3

__

__________

      

9

2

6

1

1

__

__________

  

3

5

7

3

 

21

1

__

__________

    

9

1

2

4

5

1

Degree

 

Decimal

          

          

=

¢

¢

¢

=

¢

¢

¢

°

=

¢

¢

¢

°

=

¢

¢

¢

°


[image: image101.wmf]__

__________

     

tan

__

__________

     

sin

__

__________

     

cos

    

9

4

1

1

16

         

          

=

=

=

¢

¢

¢

°

=

q

q

q

q

B. Use the Law of Sines to calculate the measure of the angle opposite to the smaller of sides a and b. This is done to avoid trying to compute an obtuse angle using the inverse sine function. Then calculate the third missing angle by subtracting the sum of the two known angles from 
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[image: image29.png]2. ASA

A B
c
Given two angles 4 and B and ¢ the side between them:





A. Calculate the missing angle by subtracting the sum of the two given angles from 180 degrees.

B. [image: image103.wmf]__
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Use the Law of Sines to calculate the two missing sides.

[image: image30.png]3. SSS

c
Given the three sides, a, b, ¢,determine the three angles A4, B, C:




A. Use the Law of Cosines to calculate the measure of the angle opposite to the longest side. This is the only angle in the triangle that could be obtuse. Hence this angle can always be calculated using the inverse cosine function, but may not be directly computable using the inverse sine function. 
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B. Use the Law of Sines to calculate the measure of one of the remaining two unknown angles. Then calculate the third missing angle by subtracting the sum of the two known angles from 
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The following examples apply these principles.

Given a triangle with the following information, solve for the missing side and angles.

a
= 3.85 ft

b
= 4.25 ft

c
= ___________



A
=___________

B
= ___________

C
= 
[image: image31.wmf]°
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Solution: This is a SAS problem. First we calculate the missing side c, then the angles A and B.
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Given a triangle with the following information, solve for the missing sides and angle.

a
= ___________

b
= ___________

c
= 88.9 mm



A
= 
[image: image33.wmf]°
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B
= 
[image: image34.wmf]°

59




C
= ___________


[image: image35.png]88.9 mm




Solution: This is an ASA problem. First we calculate the missing angle C, then the sides a and b.
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Given a triangle with the following information, solve for the three missing angles.

a
= 9.56 in

b
= 3.67 in

c
= 8.19 in



A
= ___________

B
= ___________

C
= ___________


[image: image37.png]8.19in




Solution: This is an SSS problem. First we calculate the missing angle A (the largest angle), then the angles C and B.
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Note: If first we had calculated either angle B or C from the Law of Cosines and then had attempted to calculate angle A using the Law of Sines, we would have instead obtained A’s supplement. The reason for this is again the fact that for positive input, the inverse sine function always returns an angle between zero and ninety degrees. This illustrates the need to set up the calculation in such a way so that the Law of Sines is not used to calculate the angle opposite to the longest side.
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An explorer is taking measurements on a distant mountain peak. She initially measures an angle of elevation of 
[image: image40.wmf]6
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. She then advances 500 meters closer and measures a new angle of elevation of 
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. How high is the mountain peak above the horizontal of the explorer?

Solution: Angles of elevation are measured from the horizontal “up” to a distant object. In a similar way angles of depression are measured from the horizontal “down” to a distant object. To determine the height h, we need to determine either one of the lengths a or b and use right triangle trigonometry. The determination of a or b means solving an ASA triangle. First we calculate the angle C , then use the Law of Sines to calculate either a or b.
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Exercises :

1. Convert the following angles from decimal degrees to DMS notation.
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2. Convert the following angles from DMS notation to decimal degrees with four decimal places.
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For each angle give the values of the three trig functions to four decimal places.

3. [image: image110.wmf]6586
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4.

5. Given that 
[image: image44.wmf]55
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, determine the following:

[image: image112.png]The two right triangles are

s;]mllar (have exactly the same Ratios of comresponding
shape). sides are equal.

C Al T

-
./c /Al ! B
/AZ b i)

—a—

= A





6. Given that 
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Solve for the missing sides (3 digits) and angles (2 decimal places) in the following triangles. The notation is that the angle whose measure is specified by the capital letter is opposite the side whose length is specified by the lower case letter.

7.
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[image: image52.wmf]__

__________

 

          

__

__________

       

__

__________

in

 

16.2

 

       

          

in        

 

5

.

1

2

     

          

in        

 

1

.

1

1

=

=

=

=

=

=

C

B

A

c

b

a


12. 
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A plane travels 
[image: image54.wmf]N
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 (i.e., 35 degrees north of west) for 15 minutes at 350 mph. 

13. In these 15 minutes how far did the plane travel?

14. In these 15 minutes how far west did the plane travel?

15. In these 15 minutes how far north did the plane travel?

16. A geologist sights a distant hilltop with an angle of elevation of 23 degrees 37 minutes. She then advances 1000 m closer to the mountain and measures a new angle of elevation of 29 degrees 10 minutes. How high is the hilltop above the level of the geologist?

17.  Two airplanes leave the same airport at the same time. The planes are travelling 400 mph and 360 mph respectively. After one and one half-hours the planes are 200 miles apart. To two decimal places what is the angle between the airplanes’ courses of flight?

Answers :
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13. 87.5 miles ; 14. 71.7 miles ; 15. 50.2 miles ; 16. 2019 m ; 17. 
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