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Vocational Math II 
Word Problems


Al Lehnen, Madison Area Technical College

Word Problems

General Strategies for Word Problems

Word problems are often frustrating to solve particularly for beginning students. The problem is essentially one of translating statements made in an imprecise language like English into the very precise language of mathematics. 

The following steps are given as a general strategy for solving word problems.

1. Read through the problem quickly to determine just what it is that's to be calculated.

2. Assign variable names to the relevant quantities, which are needed to calculate the answer.

3. Make a schematic of the problem, a table or picture that helps organize or visualize the relationships between the variables.

4. Carefully reread the problem and translate sentences into equations. This translation is often the hardest step in the solution. To aid in this translation the "dictionary" of English/Math equivalents presented below may prove helpful. 
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5. Solve the equation(s) of step 4 to obtain the solution.

6. Check that the answer does indeed solve the stated problem. Does the answer make sense in the context of the stated problem? If not, even if it is a solution of the equation(s), it can not be a solution to the original word problem. 

As an example of this last point, consider the following problem.

Problem 1: The sum of two consecutive integers is 50. What are the numbers?

Solution: Let x be the first whole number, then consecutive means that the next whole number must be x + 1. Hence, the sum of the numbers is 50, translates into the equation, 
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We can solve this equation by the following steps.
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So the solution is 
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. But the original problem specified that x was to be a whole number! Thus, we conclude that there is no solution to this problem.

The following three examples illustrate the strategy of solving word problems.

Problem 2: A rectangle is three times as long as it is wide. The perimeter is 112 cm. What are the rectangle's dimensions?

Solution: First, we see that we need to find the dimensions, i.e., the length and the width of the rectangle. Let W stand for the width and L stand for the length. From basic geometry (see pages 65 to 66 in Chapter 6 of the Vocational Math I text), the perimeter of a rectangle is given by 
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. Furthermore, the statement, " three times as long as it is wide", translates as 
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. Thus, in any equation in which L occurs it can be replaced by 3W. These facts are summarized in the following picture.
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The perimeter equation can be solved for W as follows:


[image: image8.wmf](

)

14

14

8

112

8

8

112

8

112

2

6

112

2

3

2

112

2

2

=

=

=

=

=

+

=

+

=

+

W

W

W

W

W

W

W

W

L


Since 
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. Thus, the rectangle's dimensions are 
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, a completely "reasonable" solution which solves the stated problem.

Problem 3: John drove for eight hours straight and traveled 520 miles. For two hours he was in heavy traffic and had to reduce his usual highway speed by 20 mph. The remaining time he drove his usual highway speed. What is John's usual highway speed?

Solution: We are supposed to determine John's usual driving speed. Let S stand for John's speed in heavy traffic. Then his usual highway speed is S + 20 .The fundamental relationship we must use is that 
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. The speed S has a time traveled of 2 hours, while the usual speed (S + 20) has a time traveled of 6 hours (8-2). The problem is diagramed below. [image: image13.png]520 miles

25

6(5+20)





The total distance traveled is the sum of 2S and 6(S + 20). This becomes the equation, 
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The solution to the problem is 
[image: image16.wmf]70

20

50

20

=

+

=

+

S

, since we were supposed to find John's usual highway speed, not his reduced speed in traffic.

Problem 4: How many grams of 10% tin solder must be added to 800 g of 15% tin solder in order to make a final solder which is 12% tin?

Solution: This is a typical "mixture" problem. Let x stand for the amount of 10% tin solder. The fundamental principle behind this problem is conservation of matter. When we combine the x grams of the 10% tin solder with the 800 g of 15% solder, the final 12% tin solder must contain 800 + x grams. The following table serves as a useful tool in putting this information together.

	Alloy
	Amount in grams
	Amount of tin in grams

	10% Tin
	x
	0.10x

	15% Tin
	800
	0.15(800) = 120

	12% Tin
	800 + x
	0.12(800 + x)


But the tin in the final 12% solder must all have come either from the 10% tin solder or the 15% tin solder. This translates into the equation, 
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This answer can be verified by plugging it into the previous table, where indeed it is true that 

240 = 120 + 120 . 

	Alloy
	Amount in grams
	Amount of tin in grams

	10% Tin
	1200
	0.10(1200) = 120

	15% Tin
	800
	0.15(800) = 120

	12% Tin
	2000
	0.12(2000) = 240


Ratios, Proportions and Variation

A ratio is just another name for a fraction, i.e., a numerator over a denominator. When we equate two ratios the resulting equation is called a proportion. The proportion "a is to b like c is to d" is shown below. 
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An equation equivalent to 
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The products ad and bc are called "cross products" since we have crossed diagonally across the equal sign of the proportion.
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Thus, whenever we have 
[image: image23.wmf]d

c

b

a

=

, we also have 
[image: image24.wmf]bc

ad

=

and visa versa. For example, 
[image: image25.wmf]68

51

4

3

=

is a valid proportion since 
[image: image26.wmf]204

51

4

68

3

=

×

=

×

. If one of the numerators or denominators in a proportion is unknown, and the other three are known, we can solve for the unknown by using the cross product. For example, 

Note: The steps were first to multiply to form the cross product and second to divide to get the answer. Hence this method is sometimes called "cross multiply and divide".

Variation is a specialized vocabulary, which allows us to describe the relations between quantities using sentences rather than equations. This is an important tool for communicating in situations where the type setting of equations is either difficult or impossible.

If  
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, for some fixed k (we call k the "constant of proportionality"), we say y "varies directly as x" or "y is directly proportional to x". In a direct variation, if k is positive, as x increases so does y and as x decreases so does y. Stated differently, in a direct variation the two variables "move" in the same direction.

If  
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, for some fixed k and fixed n, we say y "varies directly as x to the n" or "y is directly proportional to x to the n". For example, at fixed load or resistance, the electric power varies directly as the square of the current. Letting P stand for the electric power and i stand for the current this statement is equivalent to the equation 
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If  
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, for some fixed k, we say y "varies inversely as x" or "y is inversely proportional to x". In an inverse variation, if k is positive, as x increases y decreases and as x decreases y increases. Stated differently, in an inverse variation the two variable "move" in opposite directions. If  
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, for some fixed k, we say y "varies inversely as x to the n" or "y is inversely proportional to x to the n". For example, the intensity of a light source varies inversely as the square of the distance from the source. In symbols, 
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, where I is the intensity of the light source and d is the distance from the light source.

Often a quantity depends on more than one variable. For example, the pressure of a gas depends on the amount of gas present (the number of “moles”, n ), the absolute temperature ( T ), and the volume occupied by the gas (V ). The relationship between these variables is that the pressure of a gas varies as the product of the amount of gas and the absolute temperature and inversely as the volume occupied by the gas. The phrase, “varies as the product”, means the same thing as varies directly as the product. Thus, the relationship is described by the following formula.
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Here, by standard usage, the proportionality constant is called R. 

Problems involving variation are often of the form of providing two different sets of data with an unknown quantity in one of the data sets. The simplest way to solve this kind of problem is to convert it into a proportion as the following examples illustrate.

Problem 5: A drive gear having 80 teeth and rotating at 40 rpm meshes with a second gear having 16 teeth, How fast does the second gear rotate?

Solution: This is a proportion problem since for two meshing gears the number teeth per minute that pass the contact point must be the same for both gears. Let the number of teeth be N and the rate of rotation (measured in rpm) be r, then 
[image: image34.wmf]k

r

N

=

×

 (k a constant). Stated differently, 
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. This means that the rate of rotation for meshing gears is inversely proportional to the number of teeth. The fewer teeth, the faster the gear rotates. Let 
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. The use of subscripts enables us to label the values that belong together in the same data set. The unknown quantity we seek is C, the rotation rate of the second gear. Since 
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Since r is inversely proportional to N, the subscripts on N are opposite (the numerator and the denominator are switched) to those on r . Plugging in the values for the variables gives the proportion, 
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, which we solve for 
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Problem 6: If y varies as the product of x and the square of z, what is x when y = 4 and z = 2, 

if y = 12 when x = 6 and z = 3 ?

Solution: Let x1 = 6 , z1 = 3 , y1 = 12 , and y2 = 4 , z2 = 2 . Then it is x2 we need to calculate. The variation statement translates into the equation, 
[image: image47.wmf]2

kxz

y

=

. Dividing y2 by y1 results in the following proportion. 


[image: image48.wmf]2

1

1

2

2

2

1

2

2

1

1

2

2

2

2

1

1

2

2

2

1

2

z

x

z

x

y

y

z

x

z

x

z

kx

z

kx

y

y

=

=

=


Plugging in the values for the variables gives the proportion, 
[image: image49.wmf]2
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Problem 7: For fixed amount of gas the pressure varies as directly as the absolute temperature and inversely as the volume occupied by the gas. If the pressure is 
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 when the absolute temperature is 
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 and the volume is 38.6 liters, what is the absolute temperature when the pressure is 
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Solution: Let P1 = 26.9 psi , T1 = 320K , V1 = 38.6 L , and P2 = 38.0 psi , V2 = 33.7 L . Then it is T2 we need to calculate. The variation statement translates into the equation, 
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. Dividing P2 by P1 results in the following proportion. 
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Since P is directly proportional to T and inversely proportional to V , in the above equation the subscripts for P and T match across numerator and denominator, while the subscripts for P and V are “switched”. 

Plugging in the values for the variables gives the proportion, 
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we solve for 
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Cross multiplying the ratio to isolate T2 results in the following equation.
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The final temperature of the gas is 
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Note: By solving this problem as a proportion the unwanted units of measure “cancel”. You can even mix metric and English units as long as the same quantity is measured in the same units. The value of the proportionality constant is never really needed. 

Exercises :

1. A rectangle is three times as long as it is wide. Its perimeter is 48 in . What are the rectangle’s dimensions?

2. It takes you four hours to drive to a city. If you had driven 15 mph faster, you would have gotten there in only three hours. How far did you drive?

3. How many grams of 16% tin solder must be added to 200 g of 25% tin solder to make a final solder which is 20% tin?

4. The index of refraction of a material is the ratio of the speed of light in vacuum,
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, to the speed of light in the material. The index of refraction of water is 1.33 . What is the speed of light in water?

5. A drive gear having 100 teeth and rotating at 40 rpm meshes with a second gear having 20 teeth. How fast does the second gear rotate?

6. If y is directly proportional to x and x = 10 when y = 4, what is x when y = 12?

7. If x is inversely proportional to y and x = 24 when y = 3, what is x when y = 6?

8. If y varies directly as the product of x2 and t , what is t when y  = 10 and x = 5 , if y is 15 when x = 3 and t = 5?

The pressure of a gas, P, varies directly as the absolute temperature T and inversely as the volume, V. 

9. If P is 10.5 psi when T is 400 K and V is 3.5 L , what is P when T is 380 K and V is 3.0 L ? 

10. If P is 25.0 psi when T is 400 K and V is 6.00 cubic feet, what is T when P is 20.0 psi and V is 9.00 cubic feet?

11. If P is 1.0 atmosphere when T is 300 K and V is 22.0 L , what is V when T is 450 K and P is 3.2 atmospheres?

12. The resistance, R, of a wire varies directly as the length, l , and inversely as the diameter, d , squared. If R is 3.64 ohms when l = 5.0 m and d = 1.25 mm , what is the resistance of a wire made of the same material that is 20.0 m long and has a diameter of 0.250 cm ?

Answers :

1. 18 in by 6 in ; 2. 180 miles ; 3. 250 g ; 4. 
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 ; 5. 200 rpm ; 6. x = 30 ; 7. x = 12 

8. t = 1.2 ; 9. 11.6 psi ; 10. 480 K ; 11. 10.3 L ; 12. 3.64 ohms
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